We present continuum extrapolated lattice QCD results for up to fourth-order diagonal and offdiagonal quark number susceptibilities in the high temperature region of 300 − 700 MeV. Lattice QCD calculations are performed using 2+1 flavors of highly improved staggered quarks with nearly physical quark masses and at four different lattice spacings. Comparisons of our results with recent weak coupling calculations yield reasonably good agreements for the entire temperature range.
I. INTRODUCTION
At high temperatures strongly interacting matter undergoes a deconfinement transition, where thermodynamics can be described in terms of quarks and gluons [1] [2] [3] . Lattice QCD studies [1] [2] [3] as well as results from heavy-ion collision experiments [4] suggest that at least up to temperatures couple of times larger than the transition temperature quark-gluon plasma (QGP) may behave as a strongly coupled liquid. The asymptotic freedom of QCD guarantees that at sufficiently high temperatures QGP becomes weakly coupled and should be described by weak coupling expansion results. However, nonperturbative effects could still remain important even at very high temperatures due to the infrared problems arising from the chromomagnetic sector [5] . Thus, quantitative validations of weak coupling QCD calculations against fully nonperturbative lattice QCD results are necessary to ascertain the temperature range where the strongly coupled QGP liquid goes over to a weakly coupled quarkgluon gas.
Fluctuations of and correlations among the conserved charges are known to be sensitive probes of deconfinement and are also suitable for testing the weakly or strongly coupled nature of QGP. The study of fluctuations and correlations of conserved charges on the lattice was initiated some time ago [6] [7] [8] [9] . At low temperature fluctuations and correlations of conserved charges can be understood in terms of an uncorrelated hadron gas [10] [11] [12] [13] [14] [15] [16] [17] . Deconfinement is signaled by a sudden breakdown of such a hadronic description in the vicinity of the QCD transition temperature [12, 16] .
Fluctuations of and correlations among the conserved charges are defined through the appropriate derivatives of the pressure, p with respect to the chemical potentials associated with the corresponding conserved charges. In 2+1 flavor QCD there are three chemical potentials corresponding to baryon number, electric charge and strangeness. Since at high temperatures the relevant degrees of freedom are quarks and gluons, it is natural to use the flavor chemical potentials corresponding to the u (up), d (down) and s (strange) quark numbers instead of the three conserved charge chemical potentials. In the flavor basis the fluctuations and correlations of charges get mapped into the diagonal (χ ∂ (µ q /T ) n , and χ
Here, µ q and µ q ′ are the chemical potentials corresponding to quark flavor q and q ′ , with q, q ′ = u, d, s, and n, m denote the number of derivatives taken with respect to the quark flavors.
At sufficiently high temperatures the diagonal and off-diagonal quark number susceptibilities should be described by weak coupling expansion results. Secondorder quark number susceptibilities have been studied in weak coupling expansion for some time [18] [19] [20] [21] . Recently also weak coupling results for the fourth-order fluctuations and correlations have been presented [22] [23] [24] [25] [26] [27] . The validity of these weak coupling expansion results for the second-order diagonal susceptibilities χ q 2 has been tested against the accurate continuum extrapolated lattice QCD results in Ref. [28] . Here we extend this previous study to perform accurate continuum extrapolated lattice QCD calculations of fourth-order diagonal quark number susceptibility χ q 4 and subsequently compare them with weak coupling perturbative QCD results to validate the weak coupling regime of QGP. Diagrammatically, the off-diagonal quark number susceptibilities only consist of quark-line disconnected diagrams and corrections to the tree level generically start at higher orders of the coupling. Thus, these off-diagonal susceptibilities provide more stringent tests of the weak coupling regime of QGP. Our present study also includes lattice calculations and their comparisons with weak coupling results of up to fourth-order off-diagonal quark number susceptibilities.
The rest of the paper is organized as follows. In Sec. II we describe the details of our lattice QCD calculations. Sec. III is dedicated to the discussion of fourth order diagonal quark number susceptibilities, including the details of continuum extrapolations and comparison with weak coupling approaches. In Sec. IV we present our results for the off-diagonal quark number susceptibilities. Finally, Sec. V contains our conclusions.
II. DETAILS OF THE LATTICE SIMULATIONS
We performed lattice calculations in 2+1 flavor QCD using the highly improved staggered quark (HISQ) action [29] . Lattice sizes were chosen to be N 3 σ × N τ with N τ = 6, 8, 10 and 12 and a fixed aspect ratio of N σ /N τ = 4. The gauge configurations used in this study were generated by the HotQCD Collaboration using the physical value of the strange quark mass m s and degenerate up and down quark masses m u = m d = m l = m s /20 [30, 31] . The latter corresponds to a pion mass of 161 MeV in the continuum limit [30] . For each value of N τ the temperature was varied by varying the lattice spacing a or equivalently the lattice gauge coupling β = 10/g 2 . The lattice spacing has been fixed using the r 1 scale defined in terms of the static quark potential
We used the parametrization of a/r 1 from Ref. [31] . As in Ref. [30] we use r 1 = 0.3106 fm to convert to physical units. To extend the temperature coverage in our calculations additional gauge configurations have been generated for β = 10/g 2 = 8. [32] . About 2000−4000 gauge configurations separated by ten molecular dynamic trajectories of unit length have been generated for each value of the gauge coupling β. The complete list of the gauge configurations used in this study can be found in the Appendix.
The quark number susceptibilities can be expressed in terms of the quark matrix and its inverse, and the corresponding formulas were given in Refs. [8, 9, 33] . The necessary operators are evaluated using the random noise method with unbiased estimators (see Ref. [33] for details). We used between 150 to 250 random source vectors to evaluate the needed operators depending on the lattice volume and the value of β. We have found that this number of source vectors is sufficient to ensure that the noise due to gauge field fluctuations is larger than the noise from the stochastic estimators. In a few cases, some operators have been estimated with many more random source vectors to ensure that there are no additional systematic errors due to the limited number of source vectors. In the Appendix we give a detailed account for the number of random source vectors used in our study. The inversion of the quark matrix was performed in double precision, and the squared residual of the inversion was less than 10 −19 .
III. DIAGONAL QUARK NUMBER SUSCEPTIBILITIES
In this section we will discuss our results on diagonal quark number susceptibilities. The second-order light and strange quark number susceptibilities have been discussed in Ref. [28] in great detail using HISQ action, including the continuum extrapolation. Our results for the second-order quark number susceptibilities agree with the findings of Ref. [28] , and therefore we will not discuss these further. In Fig. 1 we show our results for the light and strange fourth-order quark number susceptibilities χ [28], the size of the cutoff effects is smaller than in the free theory, cf. Fig. 1 . The quark mass dependence is, however, opposite to the case of χ q 2 for T < 500 MeV. Namely, the fourth-order light quark number susceptibilities are below the strange quark number susceptibilities, while for the second-order susceptibilities χ s 2 < χ u 2 [28] . For T > 500 MeV the quark mass effects in the fourthorder quark number susceptibilities are smaller than the statistical uncertainty.
To perform the continuum extrapolation, we first interpolate the lattice results as a function of the temperature using smoothing splines. The spline interpolation is performed using the R-package [34] . The errors of the spline are estimated using the bootstrap method. At selected values of the temperature in the interval of T = 340 MeV to T = 660 MeV, separated by 20 MeV, we performed continuum extrapolations using the interpolated values of χ q 4 and the corresponding bootstrap errors. Illustrative results for the continuum extrapolations for χ q 4 are shown in Fig. 2 . For each temperature we performed the continuum extrapolation using the form motivated by the lattice free theory [35] ,
We also performed extrapolations using only the data for N τ ≥ 8 and setting c = 0. These extrapolations typically give larger continuum values but remain compatible within errors with the original extrapolations. These fits are shown as solid and dashed lines, respectively, in Fig. 2 . We do not find evidence for a significant 1/N 2 τ term in the cutoff dependence for χ q 4 . This is evident from the N τ dependence of our results shown in Fig. 2 . A similar situation was observed for χ q 2 [28] . Since the cutoff dependence of χ q 4 qualitatively follows the lattice free theory expectation we also performed continuum extrapolation using the form
where χ q,lat−ideal 4
(N τ ) is the lattice free theory result and χ ideal 4 = 6/π 2 is the continuum free theory result for the fourth-order quark number susceptibility. This simple two-parameter fit describes the data well. The results of these fits are also shown in Fig. 2 as dotted lines. For the coefficient f we get values ranging from about 0.30 at the lowest temperature to about 0.43 at the highest temperature; i.e., cutoff effects are only 30% − 40% of those in the free theory. The central values of the extrapolations obtained from Eq. (4) are typically smaller than the ones obtained from the three-parameter fit with Eq. (3), but still compatible within errors. In other words, there are no statistically significant deviations between the different continuum extrapolations. Therefore, the extrapolated values obtained from three-parameter fits with Eq. (3) will be used as our continuum results. Since the different continuum extrapolations give a difference of the order of the statistical errors, we conservatively estimate the total error on our continuum results for χ q 4 as twice the statistical error obtained from our three-parameter fits.
In Fig. 2 we also show the lattice results for χ s 4 for T = 500 MeV obtained with p4 action for N τ = 6, 8 and 12 [28] . As discussed in Ref. [28] , the continuum limit for p4 action is approached from abovei, and the cutoff dependence in this case does not follow the free theory expectation; the leading-order cutoff dependence goes like 1/N 2 τ . As was also discussed therei, the quality of the p4 data does not allow a reliable continuum extrapolation for χ s 4 . However, in the continuum limit, the results obtained with HISQ action and p4 action should of course agree. Therefore, we fit the cutoff dependence of the p4 data using the form a + g/N Table I . The deviation of χ q 4 from the ideal gas limit at the highest temperature studied by us is 15%. This should be compared to the continuum result for χ q 2 which is only 6% below the ideal gas limit at a similar temperature [28] . It is interesting to see whether these deviations from the ideal gas limit can be understood in terms of weak cou- pling expansions. The fourth order quark number susceptibilities have been calculated in three-loop hard thermal loop (HTL) perturbation theory recently in Ref. [27] and in perturbative calculations using dimensionally reduced electrostatic QCD (EQCD) [24] . These weak coupling results are compared with our continuum results for χ u 4
in Fig. 4 . We show the scale uncertainty of the perturbative results by varying the renormalization scale Λ from πT to 4πT . The comparison of the continuum lattice results for χ u 2 [28] with weak coupling calculations is also shown in Fig. 4 as an inset. The EQCD band is above the continuum extrapolated lattice data for χ u 4 , while these calculations give results for χ u 2 that agree with the lattice data. So there remains some tension between the EQCD calculations and the lattice results on second and fourth-order quark number susceptibilities. The threeloop HTL perturbative result agrees very well with our lattice data for the renormalization scale Λ = 2πT . This scale choice, however, overpredicts the value of χ u 2 . Although the scale uncertainty in the three-loop HTL calculation of χ u 2 is rather large, it should be noted that, once the renormalization scale Λ is fixed by comparing one observable with the corresponding lattice QCD result all the other quantities are completely parameter-free predictions of HTL calculations without any uncertainty. Unfortunately, the lattice QCD results for χ q 2 and χ q 4 cannot be simultaneously reproduced by the three-loop HTL calculations with a single renormalization scale for the coupling. Overall the three-loop HTL perturbative results agree with the lattice data within a somewhat large scale uncertainty.
IV. OFF-DIAGONAL QUARK NUMBER SUSCEPTIBILITIES
In this section we show our results on off-diagonal quark number susceptibilities and compare them with weak coupling calculations. The off-diagonal susceptibilities vanish in the infinite temperature limit, i.e., for the ideal quark gas. In fact, using weak coupling calculations, one can show that they are related to the coupling of quarks to soft (static) gluons. In the language of EQCD, one may say that they do not receive contribution from the scale 2πT . In particular, the leading-order contribution to χ s and is sensitive to the static chromomagnetic sector. Therefore, it is nonperturbative and can only be calculated using lattice simulations of EQCD [21] . Since the off-diagonal quark number susceptibilities at high temperature are mostly sensitive to soft gluon fields, the cutoff (N τ ) dependence of these quantities in lattice calculations using HISQ is expected to be small at high temperatures. Our lattice QCD results for χ ud 11 and χ us 22 are shown in Fig. 5 . As expected, the apparent cutoff dependence of the off-diagonal quark susceptibilities is considerably smaller than for the diagonal ones. The off-diagonal susceptibilities are small, which is in qualitative agreement with weak coupling expectations discussed above. Since the cutoff dependence of the off-diagonal susceptibilities is quite small, it is possible to perform a comparison with weak coupling calculations using the lattice data at fixed N τ . Nevertheless, we performed continuum extrapolations also for off-diagonal quark number susceptibilities. The procedure of continuum extrapolation here is similar to that for diagonal quark number susceptibilities. We first perform an interpolation in the temperature and then continuum extrapolations at the same temperature values as before separated by 20 MeV. We performed continuum extrapolations fitting the N τ dependence of the lattice data with a + b/N 2 τ + c/N 4 τ . We also performed fits using only N τ ≥ 8 data and setting c = 0. Both fits give result that agree well within the errors. In the case of χ us 22 it was also possible to set b = 0, i.e., perform fits to a constant for N τ ≥ 8. These fits give the result with the smallest errors but are consistent with the above fits. In the case of χ ud 11 , we performed fits with c = 0 to obtain the continuum estimate. In addition averaging over N τ = 10 and N τ = 12 data for χ ud 11 gave results which are consistent with the above continuum estimate. We used the twoparameter fits and the corresponding errors for our final continuum estimates for χ ud 22 and χ ud 11 . These continuum estimates are also shown in Fig. 5 . The numerical values of the continuum extrapolated offdiagonal susceptibilities are also presented in Table I . We [21] shown as the shaded band corresponding to renormalization scale variation from πT to 4πT and to three-loop HTL perturbation theory [27] shown with the dashed lines for renormalization scale Λ = πT , 2πT and 4πT (from top to bottom). also calculated χ . Now let us compare our lattice results with weak coupling calculations in more details. In Fig. 5 we also show the results from three-loop HTL perturbation theory for χ us 22 using three choices of the renormalization scale Λ = πT, 2πT and 4πT [27] . The scale choice Λ = 4πT works best for the higher temperature, while for a lower temperature, the choice Λ = 2πT seems to be better. Overall it is fair to say thati, within the uncertainties, the lattice and the three-loop HTL perturbation theory results agree. We note that the three-loop HTL calculation for quark number susceptibilities has been performed in the limit of vanishing quark masses. As stated above the quark mass effects are negligable for χ , g E and m E are the gauge coupling and the mass parameter of EQCD which can be calculated at any order in perturbation theory [36] . The constant β M is a nonperturbative constant that determines the leading-order contribution to χ ud 11 . We use the value β M = 0.1 determined in Ref. [21] . The function δχ 3 (y) parameterizes higher order corrections and was calculated in Ref. [21] . Using this as well as the nextto-leading-order expression for y from Ref. [37] together with the next-to-next-leading-order result for g E [38] , we calculate the EQCD result for χ ud 11 . This result is shown in Fig. 5 as a band. The width of the band for χ ud 11 shown in Fig. 5 corresponds to the error on δχ 3 and the scale variation between Λ = πT and Λ = 4πT combined. We see that there is a fair agreement between the lattice results and the EQCD calculation for χ Unfortunately, these quantities are very noisy, but within large errors appear to be both temperature independent as well as N τ independent. If we fit all the available lattice data in the temperature range T = 280 − 710 MeV with a constant, we obtain the following estimates: 
We see that these off-diagonal susceptibilities are similar in magnitude to χ ud 11 which may be expected in the weak coupling calculations.
V. CONCLUSIONS
In this paper we have extended the study of lattice QCD calculations quark number susceptibilities at high temperatures using the HISQ action to include fourthorder diagonal as well as off-diagonal quark number susceptibilities. In our calculations we use lattices with temporal extent N τ = 6, 8, 10 and 12, and we cover temperatures ranging from 300 up to 700 MeV. We have obtained sufficiently accurate reliable continuum extrapolated lattice QCD results at high enough temperatures to perform meaningful comparisons with weak coupling QCD calculations. We find that the cutoff dependence of the fourth-order diagonal quark number susceptibilities χ q 4 is similar to the cutoff dependence of the second order quark number susceptibility χ q 2 [28] , and continuum extrapolations can be performed in a similar manner. The systematic errors of the continuum extrapolations are quite small, smaller than or equal to the statistical errors. We compared our continuum extrapolated results for χ u 4 to three-loop HTL perturbation theory as well as to EQCD results. The result of three-loop HTL perturbation theory agrees very well with our continuum extrapolated result for χ with the same choice of the renormalization scale for the coupling. The EQCD result of Ref. [24] for χ u 4 is somewhat above our continuum lattice result, while it agrees with the continuum lattice results for χ u 2 [28] . In the case of the off-diagonal susceptibilities, we also find decent agreements between the lattice and the weak coupling results for χ ud 11 and χ ud 22 . From our analysis it is clear that lattice results provide stringent tests for different weak coupling approaches at high temperatures. The agreement between the lattice and the weak coupling results suggests that for T > 300 MeV quark degrees of freedom are weakly coupled.
While this paper was being finalizedi, Ref. [39] appeared. Reference [39] performed similar lattice QCD calculations with a different fermionic discretization scheme and compared up to fourth-order diagonal and off-diagonal susceptibilities with the weak coupling results. The lattice results and hence the conclusions of Ref. [39] is very similar to our present study. 
Appendix: Details of lattice calculations
In this Appendix we present some details of our calculations. In Tables II, III , IV and V we show the gauge coupling β = 10/g 2 and the corresponding temperatures for different lattice sizes. The number of gauge configurations used in the analysis is shown as the last column of the tables. We estimate the fermion operators involving light (u or d) quarks using N sv,l random source vectors, while for the operators involving strange quarks we use N sv,s source vectors. We tried to improved the stochastic estimates by using additional source vectors for all operators that only require two inversions. In most cases these operators turn out to be the noisiest but because of fewer inversions are cheaper to calculate. The number of additional source vectors is denoted by N imp sv,l and N imp sv,s for light and strange quark operators, respectively. 
